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Abstract: Considering the influence of shear deformation on the moment of inertia, the classical
Timoshenko beam theory was modified in this paper. Based on the method of reverberation ray
matrix (MRRM), the bar with linearly varying circular cross-section was evenly divided into
multiple constant section beams. The formulation was deduced for solving the natural vibration
frequencies of the modified Timoshenko beam with variable cross-section under three classical
boundaries (simply supported-simply supported, clamped-clamped, and clamped-free). The

effects of the number of segments and the length of beam on the natural frequency of modified
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Timoshenko beam with variable cross-section were analyzed. The calculated results were then

compared with those of the classical Timoshenko beam under the same boundary conditions. The

results show that the MRRM has good accuracy and fast convergence. Under the same boundary

conditions, the natural frequencies of modified Timoshenko beam are lower than those of classical

Timoshenko beam, and the shorter the beam, the greater the influence of shear deformation on

the moment of inertia.

Keywords: variable cross-section beam; modified Timoshenko beam theory; method of reverbera-

tion ray matrix (MRRM) ; natural {requency
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Fig.1 Variable cross-section beam
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Table 2 Comparison between natural frequencies obtained by MRRM and FEM

A A%/ Ha
R B i MRRM
FEM
N=1 N=2 N=4 N=38 N=16 N=32
1 28.5 30.4 27.0 28.1 28.4 28.5 28.5
2 119.3 121.3 124.2 117.5 118.9 119.2 119.3
3 267.2 272.7 259.2 263.6 266.0 266.8 266.9
e 4 473.0 483.8 483.1 482.5 470.6 472.1 472.4
LE 5 736.7 754.2 729.0 728.2 732.4 734.8 735.3
6 1057.61 1 082.86 1 068.51 1047.76 1 050.39 1054.12 1054.88
7 1435.11 1 468.84 1 433.46 1429.88 1428.54 1429.17 1430.22
8 1 868.37 1910.97 1872.42 1 874.80 1.877.50 1 858.84 1 860.25
1 67.55 68.77 65.13 68.17 67.80 67.61 67.56
2 184.96 189.30 192.13 184.93 185.52 185.09 184.95
3 361.18 370.38 353.60 354.89 361.93 361.31 361.05
4 595.28 610.74 607.59 606.58 595.66 595.16 594.76
4 i [ ¢ _
5 886.70 909.62 881.75 886.80 885.32 885.95 885.40
6 1234.73 1 266.03 1 246.77 1 225.96 1227.46 1232.74 1 232.06
7 1 638.61 1678.83 1641.28 1 626.01 1 623.53 1 634.46 1 633.68
8 2 097.29 2 146.73 2 101.12 2 104.71 2 104.77 2 089.87 2 089.06
1 19.0 10.8 16.2 18.2 18.8 18.9 19.0
2 80.1 67.7 66.2 76.3 79.1 79.9 80.1
3 198.9 189.5 191.1 189.0 196.3 198.2 198.7
R 4 375.3 370.6 353.7 354.9 370.3 373.9 374.9
— %iig [ F 5 609.6 611.2 608.1 605.6 601.4 606.6 608.6
6 901.09 910.44 882.33 886.50 888.60 896.95 899.22
7 1 249.18 1 267.37 1 247.97 1 226.74 1 228.85 1 242.77 1 245.84
8 1653.11 1 680.86 1 642.70 1627.35 1 623.94 1 643.52 1 647.45
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Table 3 Natural frequencies of C-T and M-T with variable cross section under simply supported boundary condition
% L=0.5m L=0.25m L=0.1m
r we,/Hz wwm,/Hz C,/% we,/Hz ww,/Hz C,/% we,/Hz wwy/Hz C,/%
1 114.0 114.0 0.00 454.49 454,48 0.00 2 775.48 2 774.86 0.02
2 475.70 475.70 0.00 1 879.49 1 879.30 0.01 10 888.91 10 856.62 0.30
3 1 060.47 1 060.40 0.00 4131.46 4129.48 0.05 22 314.58 22 086.27 1.02
4 1 867.10 1 866.90 0.01 7 142.33 7 132.64 0.14 35 842.07 35 083.75 2.12
5 2 887.32 2 886.63 0.02 10 811.41 10 779.89 0.29 50 588.10 48 888.23 3.36
6 4 110.68 4108.73 0.05 15 035.23 14 956.42 0.52 66 019.52 62 990.09 4.59
7 5525.20 5520.59 0.08 19 717.21 19 553.12 0.83 81 824.38 77 149.39 5.71
8 7 118.05 7 108.46 0.13 24 772.36 24 473.38 1.21 97 815.64 91 263.26 6.70
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Table 4 Natural frequencies of C-T and M-T with variable cross section under fixed supported boundary condition

B %k L=0.5m L=0.25m L=0.1m
r wer/Hz wwm,/Hz /% wer/Hz wwm,/Hz ¢ /% we,/Hz wwm,/Hz ¢ /%
1 269.39 269.39 0.00 1 064.31 1 064.28 0.00 6 151.27 6 145.24 0.10
2 734.49 734.48 0.00 2 857.69 2 857.03 0.02 15 258.03 15 185.64 0.47
3 1426.11 1 426.03 0.01 5 442,78 5 438.48 0.08 26 872.48 26 561.14 1.16
4 2 333.59 2 333.23 0.02 8 709.02 8 692.62 0.19 39 993.22 39 176.09 2.04
5 3 446.71 3 445.49 0.04 12 553.28 12 506.01 0.38 54 090.08 52 450.45 3.03
6 4 753.61 4 750.68 0.06 16 878.23 16 776.59 0.60 68 823.80 66 044.36 4.04
7 6 241.59 6 235.14 0.10 21 598.30 21 402.97 0.90 83 970.56 79 771.86 5.00
8 7 897.44 7 884.80 0.16 26 641.05 26 305.47 1.26 99 352.15 93 532.86 5.86
R5 —iRBEX—i%EHTE@ELE Timoshenko 2 5 & IE Timoshenko 2 i B #7371
Table 5 Natural frequencies of C-T and M-T with variable cross section under one end
clamped and one end free boundary condition
e L=0.5m L=0.25m L=0.1m
r we,/Hz wy, /Hz ¢/ % we,/Hz ww,/Hz ¢ /% we,/Hz ww,/Hz /%
1 75.79 75.79 0.00 302.41 302.41 0.00 1 857.78 1 857.60 0.01
2 319.35 319.35 0.00 1 263.36 1 263.30 0.00 7 359.38 7 349.40 0.14
3 789.74 789.73 0.00 3 081.63 3 080.81 0.03 16 716.29 16 621.08 0.57
4 1 482.39 1 482.30 0.01 5679.59 5 674.72 0.09 28 543.50 28 166.84 1.32
5 2 391.23 2 390.84 0.02 8 966.40 8 948.48 0.20 41 947.33 40 990.54 2.28
6 3 506.26 3 505.05 0.03 12 839.04 12 790.23 0.38 56 337.01 54 457.71 3.34
7 4 815.93 4 812.88 0.06 17 200.07 17 091.86 0.63 71 348.63 68 216.01 4.39
8 6 307.69 6 301.03 0.11 21 962.85 21 695.93 1.22 86 728.40 82 072.20 5.37
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