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INERTIAL MODE OF MHD WAVE IN THE EARTH’S CORE
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( Institute of Geophysics, Academia Sinica)

- Abstract

The outer core of the earth, being in the plasma state with high tem-
perature, high pressure, high density, and immersed in a strong toroi-
dal magnetic field, can support varieties of plasma waves. Under influene
of earth rotation, MHD wave propagates alone field lines in two modes;
eastward inertal mode and westward magnetic mode, both are characteri-
zed dy high dispersion. The magnetic mode is related with the secular-
variation and westward shift of the main magnetic field, The inertia] mo-
de has periods of the order of days, its magnetic effects would be shield-
ed from the earth’s surface dy 'conductive mantle, However, the mechan-
ical couplins between the core and the lower mantle would be possidle, he”
nce a periodic mechanic process would de produced by MHD wave in the

earth’s core,

Introduction

On the basis of geophysical and geochemical data, the outer core of
the earth is in the liquid state with high temprature, high pressure, high-
density, Studies on the earth magnetism imply that the main geo-
magnetic field arises in such a liquid, metallic core, where both dynam-
ic and electromagnetic processes are coupled each other, Therefore, hydr-
omagnetic dynamics equations should be used to describe processes in the
earth’s core,

As early as 1940’s and 1950°s Bullard (1949,1955),Bullard and Gellman
(1954), Elsasser(1946,1956) Backus (1958) and Herzenberg (1958) extensively
stndied the MHD origin of the main magnetic field and its secular variation
(S.V.).After 1960’s, Hide (1966 a, b), Crossley and Smylie (1975),
and others attempted to explain the generation of the earth’s magnetic field

and jts secular variation by the use of MHD wave propagating in the
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earth’s core. They focused to be very long period waves (years or centuries)
since short period variations wonld be suppressed from the magnetic record
at the earth’s surface by the high conductive mantle.

However, the mechanic coupling on or/and near the core mantle inter-
face may propagate up to thie earth’s surface and exhibit itself in varie-
ties of geophysical fields. This perhaps gives us a plausible clue to under-
standing some global periodic and rhythmical phenomena.

In this paper, we discuss a special form of MHD equation suitable
for the outer core, deducing dispersion equation of the MHD wave obtain-
ing fomulas of the phase and group velocities for spatial wave length of
m=1~5 and n=1~15, we are specially interested in those waves with
periods of a few days to tens days, which might be connected with dyna-
mic processes in the earth.

' Model and basic equations

The model used in this paper is shown in Fig. 1. Between the solid
mantle and the inner core there is a liquid outer core with the outer radius
R. and the inner radius R. Densities (p) and conductivities (o.) in
these three regions are indicated dy subscripts a, b, and ¢, respectively
as depicted in Fig, I, In the figure is also shown a local cartesian frame
(x, y5 z), whose origin is located at the mean colatitude 0 of the regi-
on under consideration, and the x, y and z axes are .directed eatward,

northward and upward, respectively.
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Fig. 1

Following assumptions are addopted:
1., The outer core is an invicid, incompressible, homogeneous liquid
2, The outer core is perfectly conductive. ‘
These assumptions are good approximations in present work, since the

time scale we are interested in is mnch less than the diffusion time of the
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core’s magnetic field ( ~30000years) .
The equations governing the processes of the core in the corotational

frame are as follows:
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VXB=ypj (2)

VXE=“¥ (3)
9

veB=0 (4)
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E=—VXB (5)
-

VeV=20 (6)

where *]‘)]2-56i (V v) «7)

It is difficult to solve these equations in general form, and simplific-
ations are necessary, In this paper a toroidal motion is assumed near the
surface of the outer core, e.g., radial component of the velocity is ignored.

In the local Cartesian frame

B, 4B B, 9B
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L o dY p 0X ] (8)
- > ~ ~ ~
QxV=Q( - XVcosf+ Yusinf- Z sinf) C9)

Substituting equations (8 ) and (9 ) into (1) aand eliminating
(p+B3/2u), we find that
D¢ s1n(') 6 8B.

oV 2 '
where C—aX 6';(' (11)
Combmation of equations ( 3 Yand ( 5 ) leads to
aB —yx ( VxB) (12)
or D—B-=<'1§-v>¥r> (13)
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The components of equation (13) can be written as follows

' Fat— +uaiX+ Va—aY")Bx=( Bxga}z“'Byaiy)u

(& +u g%+ V3)Br= ( Bagp+Brag)V

On introduo;ing Coriolis parameter, f{= 2Qcosf, in the
form f=1f,+By (15)
where fo=2Qcos8,, PB=2Qsinh;/Ra (16)
equation (10) can be further simplified as follows
D: 1 o 8 )2 D 3
[ Dt? 'E(B"EX‘“BYa_Y)]W‘C*BDtagc (17)

Now, let’s consider the behaviour of a small-amplitude disturbance,
superimposed on & uniform basic flow U, in the x direction and a backgr-

ound magnetic field of uniform strength B, at an angle o with the x dire-
ction, thus

u=U,+u,
vV=v, .
Bx=B,cosa + bx (18)
By=B;sina+by
B;=b,
The disturbance is assumed to vary harmonically in space and time,
eelo L N
{usvis8isbxsby } ={ u, v, &, bxs, by}expi (kx+ly- ot) (19)
The required dispersion relationship can de obtained
co2+k—23_'_k72——co-vA(Rcosa+lsina )2=0 (20)
where V, is Alfven velocity
B,
Va= \/P-P 21)
and co=oa—Uok )22)

The equation (20) has two roots

©in= - 2(k2+l2) {1+J [2v,«(k2+12?3(1i<cosa+ls1na)] } (23)

where subscripts i and m stand for inertial and magnetio modes, respeciti-

vely.

From the dispersion relationship (23), the phase and group velocities
can be obtained ( relative to the basic flow )
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_®i,m B { 2v (k2+12)(kcosa+lsina) 2
(Viim)y === 2(k2+12)11ih/1+[ ’ "Bk ]}

(24)
_ @Dim 2va(k?® +1%)(kcosa + Isina) |?
(Vi’m)y— 1 = 21(k2+12){1+/~/1+[ A Bk ]}
(25)
1 . . n(k?—12)
(Uisa) = oo "Bk [ 2vi (kcosa +1sina)cosa + B“Z!krzg_lz E ]
lim kz +12
€26)
1 204 ;m
(Ul;m)y = oo Bk _ L2n(kcosa+lsma)sma+(—lzoz"ﬁz§)k+]
it T
k% +1 :
27)

If the density p, the background magnetic field B, and the angle a are
specified, the frequencies, phase and group velocities of the disturbance
can be calculated for spatial wave numbers k and L.

Magnetic field in the earth’s core

The magnetic field in the earth’s core can be divided its poloidal and
toroidal darts, By Only Br and Bp has a radial component, with lines
of force passing out of the core, through the mantle, and on into space,
The toroidal magnetic field By, if it exists, has no radial component and
thus confined to its region of origin, the core. Extrapolation of the
field at the earth’s surface leads to information about Bp at the core
mantle interface By, on the other hand, cannot be detected directly.

According to the concept of frozen-in field in plasma and the fact of
shearing rotation of the earth, By in the core is genrally regarded as the
result of the interaction of Bp with zonal shearing motion. The ratio B/
Bp is rouphly of the order of a magnetic Reynolds number R,

Ro=polV (28)
In the earth’ s core Rn is about 6000 ( Hide, 1966 ). In spite of uncertai-
nties in estimation of Ra, it is very likely that B;>» B;.In this paper a
simple zonal magnetic field model is used, that is S

B, =0.01Wb/m? (29)

a=0
in ‘this special case, equations (23) to (27) are further simplified fur-

ther as follownig.
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(Vi'm)y=“§l_(_kT+—lf){1 i,./1+[2”(k5”)—]} (82)

1 Bo; ,m(k®-12)

(Ui‘m)xz 2VAk+ L -
' Bk (k2 %)% (33)

20umt Ty [ ]

_ zmi;mﬁkl

(Uisn)d y= 20; 2(k%+12)2+Bk(kE +1%) (34)

Characteristios of inertial mode

It is seen from equations (30) to (34) that both magngtic and iner-
tial modes are highly dispersive. Their angular {frequencies, phase and
group velocities depend on the spatial structure of the disturbance.

In analysing geomagnetic field and other geophysical fields, it is con-

ventional to use spherical harmonic series
(o o) oo

$(r,8,A) =R, =T 2 _Rr_o)n+1 (gicosmA +hisinmA ) ph (cosh)
n=1 m=90 .

(35)
where R, is the radior of the earth, p% ‘cos8) are the Schmidt quasinor-
malized dolynomials of argument cosf, andy? and h% are Gauss coeffici-
ents. The wave numbers k and L introduced above are related to m and
n as follows,

m=kR.sinf . (36)

' -m=1R,

The magnetic mode has oscillation periods comparable with the time
scale of the secular variation of the geomagnetic field ( Hide, 1966 ) . The
inertial mode, on the other hand, has periods of the order of days. It is
this mode that might contribute to some global periodic or rhythmical
phenomena,

In Table 1 to 4, the frequencies, periods, group velocities and propa-
gation times around the earth are listed for inertial modes of MHD waves

with various spatial structures indicated by m and =n.

Excitation of oscillations in the earth’s core and their
manifestations on the earth’s surface

In spite of lack of knowledge on the earth’s core,it is very likely that
the rotation is one of factors governing the core movement, which makes

the large—scale convection in the core to exhibit highly anisotropic ly.
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Another plausible speculation is that a toroidal magn.eticp'field is much st--
ronger than poloidal one in the earth’s core. In such a hydromagnetic me-
dium, there are varieties of eddies with highly different spatial sizes.
The energy can be transferred from small-scale eddies to large-scale ones
or vice versa.

The disturbanées in the earth’s core may be excicted by earthqakes,
sudden changes of the earth rotation and other events. As long as a dist-
urbance is excited near the core-mantle interface, each of the spatial co-
mponents of the disturbance will propagate with corresponding period ar-
ound the earth’s core. Since tie MHD waves carry their emergy in two
forms: mechanical and electromagnetic, the interaction (or coupling) be-
tween the core and the mantle is associated with both mechanical and ele-
ctomagnetic energy transfer from the cote to the mantle or/and vice versa.

As for inertial mode of MHD waves mentioed above, electromagnetic
energy cannot be transferred upward too far .because of the electrically
conductive mantle and relatively short periods. Mechanical energy, might
be transferred upto the upper mantle and even the ground surface, and
exhibit itself in some geophysical fields and phenomena,

It shoud be pointed out that model used in this paper is simpified one,
therefore the results are only qualitatve.
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Table 1, Frequencies of inertial mode of MHD waves
for different spatial structure (r and/s)

8 m 1 2 8 4 5
1 9,622
2 5.703 4.811 ‘
8 2,566 4,106 3,207
4 1,839 2,851 2,980 2,405
6 0,802 1,889 2,457 2,206 1,024
8 0,529 1,283 1,901 2,085 1,873
7 0.374 0.908 1,444 1,735 1,734
8 0,277 - 0,670 1,102 1,426 1,543
9 0.214 0,511 0.855 1.160 1.337
10 0.170 0.401 0.676 0.945 1141
11 0.138 0,323 0.545 0.775 0.967
12 0.114 0.265 0.446 0.642 0.820
13 0.096 0.221 0,373 0,537 0.697
u 0.082 0,187 0.313 0.454 0.596
15 0,071 0.160 0.267 0,388 0.518

Table 2, the same as Table 1, but for periods (days)

1 m 1 2 8 4 5
1 0.8
2 1.3 1.5
8 2.8 1.8 2.3
4 B.d 2,6 2.4 3.0
8 9.1 3.8 3,0 3.2 3.8
6 13,7 5,7 3.8 3.6 3.9
7 19,5 8.0 5.0 4.2 4.2
8 26,2 10,8 6.6 5,1 4.7
0 84,0 14,2 8.5 8.8 5.4
10 42,8 18,1 . 10,8 7.7 6.4
11 " 52,7 22,5 13,3 9,4 7.5
12 83.6 27,6 6.8 11,8 8.9
18 75.8 32,9 19,6 13,5 10,4
14 88,5 38,9 23,2 16,0 12,2
15 102,6 45,5 27,2 18,7 14,2
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Table 3. the same as Table 1, but for group velocities (m/s)
( + and - for westward and eastward
propagations, respectivey)

m 1 .2 8 4 5
1 279,2
2 30.7 69.8
3 -34,7 42,1 31,0
4 -28,0 7.7 . 24,7 17,5
5 -19,4 -5,9 12.6 15.4 11,2
8 -13.7 -8,7 3.4 10,5 10,3
7 -10.0 -8,2 ~1.4 5,6 8.1
8 -7.6 -7.0 -3,3 1.9 5.4
9 -5.9 -5.8 ‘ -3.9 -0.3 3.0
10 -4.8 _ -¢.8 -3.8 . -1,5 1,2
n -3,7 ~4.1 -3.5 -2,0 0.0
12 -3.2 . -3.4 -3,1 -2,2 -0.7
13 -2.7 -2.9 -2.8 -2.2 -11
14 -2.3 ~2.8 -2, -2.1 -1.3
15 ~2,0 -2,2 -2,2 -9, ~1.4

Table 4. the same as Table 1 but for propagation times around

the earth’s core (days)
(+ and -for westward and eastward)
propagations, respectively)

m 1 2 8 . 4 5
1 0.9
2 8.3 3,6
3 -7.8 6.0 8.2
4 -9.1 33.2 10.3 14,8
] -13.1 -43.3 20,1 16.6 22.8
6 ~18.6 -29.3 -74,7 24,2 24.7
T -25.4 -31,0 . -082,8 5,7 31,5
8 -33.5 -36,3 - -76,4 132,8 47,1
9 -42.9 -43,6 -65,9 ~848.9 84.4
01 ~53.6 ~52,5 © -67.8 -173,1 207.5
1 -65.4 -62,8 -73,2 -127,3 8770.2
12 -178,6 -74.5 -81,7 -117,2 -361.7
13 ~93,0 -87.5 - 92,2 -118,0 -228.5
u -108.7 -101,8 ~104.4 -124,1 - 193.4
15 -125,6 -117.3 ~118,1 - 133,5 -183,1

L4
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