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Abstract; The Timoshenko beam model was used as the flexural wave propagation model in a sin-
gle, fully-embedded pile. Based on the differential equation of transverse vibration of single,
fully-embedded piles in a frequency domain, combined with the force balance and displacement
compatibility equations of nodes and the dual transformation of the internal forces and displace-
ments in two local dual coordinate systems, the orthogonality conditions of transverse vibration
modes of a single, fully-embedded pile were derived. By virtue of the reverberation-ray matrix
method. the natural frequencies, attenuation coefficients, and modes corresponding to different
natural frequencies for a single, fully-embedded pile were solved. A specific case study is pro-
posed to verify the correctness of the orthogonality conditions of modes.
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Fig.1 Mechanical model and coordinate system for transverse

vibration of single fully-embedded pile
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Fig.3 The force analysis diagram of node 2




836 WwoE T O® % 2020 4F
R (16) T RUSERMTE R . b B oE RO B B MR B od =
T2F(0,w) =p? (17 [d3 d d¥ 41" B E M P =
T8 (0.w) =u’ (18) —e 0 0 0
.o VIO 5 B 0 —e 0 0
> ,:P:fq (Oa(l)) — ME](O’(U) ﬂ:‘ﬂ q (O’CU) - 0 0 e,im/ 0
20 ,w) 0 0 0 e
A3 500 R A8 A T S 2 B9 P Tl AT 0 0 1 0
gDil(O,w) 0o 0 0 1
) HARBMERU=| BB
ﬁzmﬁ;iﬁ:{ flw }ﬁ%,ﬁzﬂ?%ﬁwmrﬂi;
0 0O 1 0 O
iz L o Wl a B SR 2 RN
2: ﬂﬂ%)ﬁZE@&%[ﬁJiﬂjl{ :'i‘j a = PUd (23)
0% (w) 0 1
L 4 . B 23) AR 20 L IS TS
JRIERARBR R (', 22 1Y AR bR AR B dE [,
EBALFR R (v* , 2 o 2 45 5 B I —Rd —s b

¥ o), AD ARAKX D, A7) Hr, ]
d’ =S8’a’ +5’ (19)
Aorred? Fa? 43 SR 85T B9 S0 A H S Ik
W 1) A 5 S7 AL s T A3 )RR T A T Jed I A R A
PR IR =, BV A 28 ) =
Horpr,

12 12
o=l =)L)
1 ay”
L aszks ajky ! asks agky
STle o —k: —kt]
d%l a%l 7]?(60)
d’ = o cat=|  |is'=| AG
4 ai
SZ* a3k3 a,lk,l ! a3/€3 a1/€,1
S S B B TR ¥

0
RN E PSEE I PSREN S
Bl EEE .

H

d =Sa +s (20)
Horr,

erslo ol i] -]
d = ;3 S = ;a4 = ;8 =

d’ 0 §° a’ s’
P :d .S a s 730 Ros A PR KL Al B 1] PR
SIS ) S A S ST OB D S o L A RIS R L AR A

S5 D8 g R 1) ek R IR R 1)

AR LT R 5E A
al* (w) =P d} 21
Ap Pl =—e™ n =34, TRMBAG K

W& a FUHE X0 H IR d 2 8 e R
a =Pd (22)

KR =SPU, Jy 248 A FE Sl S A 188 1] 9% 3 1)
8 T A% SR 2 R R . A5 25 0 A ), 46 4 52 2 48 3l 5 T
VA S N T2 A R B s = 0, K AR
A (24) i1,
[I—R]d =0 (25)
FP R Fd #ZELET ARIE o B KL, X
(25) s H S 0 d A AR A W) R RO B
R, B4 3 4 3N BRLE R Al A 1) i 2l I % 43
[
|[I—R|=0 (26)

3 (26) Jyl 807 8 TR R ok B HORS o
fift A S SR e T R A% S 2 50 R ok ] —
O3 B B A oy HIVE X AT SR .l 2 % DUk
(110 ~ [13] ar%n, A %07 2R i A R, J7 12
A RCH RS B

R P i R e 18 1 Jo ]

[I—R]X[I—R] =|I—R|XE (2D
A1 — R RRFEMELT — R BRI E £
AT —R]FEB W RAHERE, W —R] —
ANHEZRH A] A S B R 1 d R S B A
WU R ) i S AT DA R A A AR R OC R 20 (23)
RAFAG WP R 0] 5 a . HFRAF @ F1d ARALLFE
Fik=(6) (7 FI(12), W] 15 0E B Al AT B — AR i B
JE RN 0 7 B & UL RS VA — A BV AT 45 BE 5 Ak
GUE

3 OREEXRM

AR SO 1 B A i g o R A T S AR
e y BT AR RS M Esc . /61 = [0l
e 1T M6, =0 ol I RBIT 12 1 R AL bR R



%42 % 4

o 25 4 A B R Tl 1 R B A TE A M T S 837

(', 9", 2") TRl SEA PR w0, Mao; HXF5
MRS F il =LV ME TR =[VE .M
JEHIE 12 fEJRTRAR AR B (2 Ly 2™ T 2 i)
AW w,; Mo, FIXTBLEA S5, 0 21 78R/ il
AR FR (™ 2D T X R R .

duy,
HF v, =0, tov,.0.= ;’; T 4 A ALY B

Tli 48 1) i B3z 8 7 #2 (5) AR A5 0 .

&, g,

K AG e A(Iﬁ— —w’pAv, +k,v, +

iwB,v,
, L do, ., -,
k' AG . +EI. 0o k' AGp, =—w’pl ..

(28)
W= (28) B BUE B .

L6, =—w'M$,+K,b,+iwB,d, 29
KL, M, K, B, 535 0 4 1A ST B fil 4 1] P
By 77 R 1 I B | IO B 9 I R
P FIBH e 2 B0 B R E 0k .

o e d
k'GA i k'GA .
b= d & ’

/CGAE EIl. dx‘z_KGA

oA 0 k, 0
M, = s K, = 7
0 pl. 00

B, — {B O} - [vy]
00 0.

WX 2. H.
J BHTLSE dr — J )T (— M, 4K, +
0 0

[ R B PRI C R A O
0

iw, B8 dx (31)
Xif 4 A B SE AL L R AT e R

“rl2 " 12
J (512)TM. 8 dr =J 512 MS7 dr (32)
0

0

12 12
J (812)7K, 87, dx =J 512V K.8%dr  (33)
0

0

[ GroBsra =" GroBsLAe GO

0

ZMSCHk14] 59753, 030 £ GBD,
IFAR A W R 554 B L, TR X R A B4 T A

x12 12
JO (8:)7L,81% dr —L (8 )TL,8" dr —

212

CBEDTTE, — BETTET RAEAY I
(35)
[ B, 0] DLAE R iR AR AR R (v 2, 2% R ar 5 a(35)
REIM 0 3 22 B9, IRz 5 (35) Fam .
AT
j (8°)"L,81% dr —j (8 )TL.8 dr +

-21

x21 x
J (82 )7L,8% dr —J (82 )7L,8% dr —
0 0

AY 1A =AY G F AT D]

[AZ(0) + A% (0)] (36)
TN IR B AR AN T X AR 4 G &

V() =VEUE — ) (37)

MP (2" =—M2" (" — ') (38)

v () == (U — ) (39)

e () = U — 2 ') (40)

B 36) TELAY (o) + Al (¥ ] =0, Bk
(36) ArHE— i fb .

[ erorLsr e |
0 0

B2)HTL 8 dx +

f (6 )H"L,6% dx —JJ' (62 )HTL,6% dx =

—[A )+ A% (] 41D

PEATBES A . (17 il p2 =0, ARIEH
& A Y 7 A A% PR Oy B AT, 4D
SR

A7 (0) + A (0) =0 (42)

ZEA R (30).(31) K (41).(42) . .

x12 12
L <3;%,.>TL,133,%,.dI—L (8 )TL.81 dr +
x2l 721
JO (%)L 6%, dx —JO 6% )'L 6% dx =

i —wl] @R MBY e +
JJ_ G2H)™ 6%, dx ]+ i (w;, —w,)
{NCERU'Y e

J (82)H™B 8%, dz =0 (43)
0

XU N—FBH TR . BT o, o, . BT
F DL BT D)5 52 5000 S R0 R R 18 o &L BIAS 3] 4
TN BAURE LRI 1) BiR 2 AE X B R AR AR R R I IE 2E
PESAT R



838 ooz

=

T B ¥ iR

2020 4

[ dromp e+ G MEY dr =0
0

fr'<3;a>TBq3xjd1-4—Jf’<33g>TBq355d1~::o
0 0
(44)
AR (1) L (39) FI(40) K20 (44) b3 B —
JRATB AR R T
"l
J(&iﬂMﬁ“dxzo
0

q-J

! (45)
[ @B a0 =0

4 HEEH

Oy 36 4 A PP R Al B 1) IR Bl 1E S AR A
A B9 T P T TR AT HAA B KO 5 1 9 23 A
XA 1 BT 7 B 4 A BRORE Al 14 JL o) 2 80 B R S
WO AT AR S BT UE L T TR 1 ok 2,

x1 ENREEMITESHO)

Table 1 Calculation parameters of single, fully-

embedded pile (1)
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Table 2 Calculation parameters of single, fully-

embedded pile (2)

ER /=4 LA PR AL BHLJE &5
p E/Pa ko/(Nem 2) Be/(Nem™2«5)
0.2 2.7¢l0 2e5 2.5e5

MR 3 (26) o R I 40 % B o 4 48 Rk AR
fi# JF A MATLAB 5 5 g f2 11 8 4 A b
SRR 1) B Sl T 5 B 1 4R A B T X g ) R U
FB A R gk 3 rdl.
3 SENSHEMERRIARAZRERREY

Table 3 Natural frequencies and attenuation coefficients of

transverse vibration of single, fully-embedded pile

i %5 AIRMHE w,/(rad + s 1) HEIWRE A,
1 1194.696 1625.938
2 2 447.520 1611.011
3 3 645.881 1594.961
4 4 899.301 1 578.664
) 6 223.585 1 562.820

SR fige 4 JHLN BURE S ik B 1) iR B 0 1 RS A L K
K1 PRI £ 4 m B SRRE SRR 4> R 40 A
HIG, R ] MATLAB 5 5 % F2OK i 4 3 bk
SET A% [ 3BT X N 1 41 AT AR AR e 1 RS
AR 1 R A ) A, I 6 R Bk R AR 5 AR

% 4.5 A,
£4 SENBHEMEOIRDESES Y (BELCB)

Table 4 The orthogonality of transverse vibration modes of

single fully-embedded pile (transverse displacement)
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Table 5 The orthogonality of transverse vibration modes of single

fully-embedded pile (angular displacement)
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